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Milovan Vasilic´∗ and Marko Vojinovic´†
Institute of Physics, P.O.Box 57, 11001 Belgrade, Serbia
(Dated: December 13, 2018)
The dynamics of brane-like extended objects in spacetimes with torsion is derived from the conser-
vation equations of stress-energy and spin tensors. Thus obtained world-sheet equations are applied
to macroscopic test membranes made of spinning matter. Specifically, we consider membranes with
maximally symmetric distribution of stress-energy and spin. These are characterized by two con-
stants only: the tension and spin magnitude. By solving the world-sheet equations, we discover a
similarity between such membranes in Riemann-Cartan backgrounds, and string theory membranes
in low-energy string backgrounds. In the second part of the paper, we apply this result to cylindrical
membranes wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime. In
the narrow membrane limit, we discover how effective macroscopic strings couple to torsion. An
observed similarity with the string sigma model is noted.
PACS numbers: 04.40.-b, 11.27.+d
I. INTRODUCTION
The problem of motion of brane-like extended objects
in backgrounds of nontrivial geometry is addressed by
using some form of the Mathisson-Papapetrou method
[1, 2]. One starts with the covariant conservation law of
the stress-energy and spin tensors of matter fields, and
analyzes it under the assumption that matter is localized
to resemble a brane. In the lowest, single-pole approxi-
mation, the moving matter is viewed as an infinitely thin
brane. In the pole-dipole approximation, its non-zero
thickness is taken into account.
The known results concerning extended objects in
Riemann-Cartan geometry can be summarized as follows.
Spinless particles in the single-pole approximation obey
the geodesic equation. In the pole-dipole approximation,
the rotational angular momentum of the localized matter
couples to spacetime curvature, and produces geodesic
deviation [1–5]. If particles have spin, the curvature cou-
ples to the total angular momentum, and the torsion to
the spin alone [6–10]. Higher branes have been consid-
ered in [11–13]. In the spinless case, the curvature cou-
ples to the internal angular momentum of a thick brane.
The coupling disappears in the limit of an infinitely thin
brane [11, 12]. The dynamics of spinning branes has been
investigated in [13]. The spin-torsion coupling has been
derived for an arbitrary distribution of spinning matter
over the brane.
In this paper, we want to examine infinitely thin branes
with maximally symmetric distribution of stress-energy
and spin. In the spinless case, such branes are character-
ized by the tension alone, and are known as the Nambu-
Goto branes [14, 15]. These branes do not couple to tor-
sion, and our idea is to consider their minimal extension
characterized by an additional constant—the spin mag-
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nitude. The analysis along these lines has already been
attempted in [13]. The idea has been to try and find
the circumstances under which the classical dynamics of
strings could possibly resemble the dynamics of [16–21].
Two major results have been obtained. First, the non-
trivial string-torsion coupling exists only if the string is
made of spinning matter. Second, if the torsion is to-
tally antisymmetric, the form of the obtained dynamics
necessarily differs from [16–21].
In this paper, we continue investigating the behaviour
of brane-like extended objects in Riemann-Cartan space-
time. We emphasize that our work is not a part of the
mainstream string theory considerations. Our brane-like
objects are made of conventional matter, and are used
to probe Riemann-Cartan geometry. The only connec-
tion with string theory is seen in the form of our re-
sulting equations. Namely, we notice a similarity be-
tween the motion of macroscopic test membranes in
Riemann-Cartan backgrounds and the motion of string
theory membranes in the low-energy string backgrounds.
Whether this is just a coincidence, or there is more con-
tent in this analogy is not the subject of this paper.
In the subsequent paragraphs, we shall investigate the
influence of torsion on the dynamics of membrane-like
extended objects. Our effort is motivated by the ob-
servation that problems encountered in treating strings
in Riemann-Cartan spacetime are nicely solved if mem-
branes are considered instead. In particular, the nontriv-
ial projection of the totally antisymmetric spin tensor on
the p-brane world-sheet is shown to exist only if p ≥ 2.
This form of spin tensor proves to be the basic ingre-
dient in the construction of membranes with maximally
symmetric distribution of spin. We apply the p-brane
equations of [13] to a membrane characterized by two
constants only: the tension and spin magnitude. As a
result, the behaviour of such membranes in Riemann-
Cartan backgrounds is shown to follow from an action
functional. A resemblance with the σ-model action of
[22] is noted. The latter describes a membrane coupled
to the string theory 3-form field.
2The effective string dynamics is obtained in the nar-
row membrane limit. We consider cylindrical mem-
branes wrapped around the extra compact dimension of a
(D+1)-dimensional spacetime, and perform aD+1→ D
dimensional reduction. As a result, a σ-model action sim-
ilar to that of [16–21] is revealed.
The layout of the paper is as follows. In section II,
we review the basic notions of the multipole formalism
developed in [11–13]. The manifestly covariant world-
sheet equations and boundary conditions are explicitly
displayed. In section III, the p = 2 brane is investi-
gated. The free coefficients of the theory are chosen to
define a Nambu-Goto membrane with totally antisym-
metric spin tensor parallel to the world-sheet. This mem-
brane is characterized by the constant tension and spin,
and its dynamics in Riemann-Cartan geometry is shown
to resemble the dynamics of elementary membranes in
the low-energy string backgrounds [22]. In section IV,
a narrow membrane wrapped around the extra compact
dimension of a (D + 1)-dimensional spacetime is consid-
ered. An effective string dynamics is revealed in the limit
of the small extra dimension. Section V is devoted to
concluding remarks.
Our conventions are the same as in [12]. Greek in-
dices µ, ν, . . . are the spacetime indices, and run over
0, 1, . . . , D − 1. Latin indices a, b, . . . are the world-
sheet indices and run over 0, 1, . . . , p. Latin indices
i, j, . . . refer to the world-sheet boundary and take values
0, 1, . . . , p−1. The coordinates of spacetime, world-sheet
and world-sheet boundary are denoted xµ, ξa and λi re-
spectively. The spacetime metric is denoted by gµν(x),
and the induced world-sheet metric by γab(ξ). The signa-
ture convention is defined by diag(−,+, . . . ,+), and the
indices are raised using the inverse metrics gµν and γab.
II. MULTIPOLE FORMALISM
It has been shown in [11, 12] that an exponentially
decreasing function can be expanded as a series of δ-
function derivatives. For example, a tensor-valued func-
tion Fµν(x), well localized around the p+ 1-dimensional
surface M in D-dimensional spacetime, can be decom-
posed in a manifestly covariant way as
Fµν(x) =
∫
M
dp+1ξ
√−γ
[
Mµν
δ(D)(x− z)√−g −
−∇ρ
(
Mµνρ
δ(D)(x− z)√−g
)
+ . . .
]
.
(1)
The surface M is defined by the equation xµ = zµ(ξ),
where ξa are the surface coordinates, and the coefficients
Mµν(ξ), Mµνρ(ξ), . . . are spacetime tensors called mul-
tipole coefficients. Here, and throughout the paper, we
make use of the surface coordinate vectors
uµa ≡
∂zµ
∂ξa
,
and the surface induced metric tensor
γab = gµνu
µ
au
ν
b .
The induced metric is assumed to be nondegenerate,
γ ≡ det(γab) 6= 0, and of Minkowski signature. The
same holds for the target space metric gµν(x) and its de-
terminant g(x). The covariant derivative ∇ρ is defined
by the Levi-Civita connection.
It has been shown in [12] that one may truncate the
series in a covariant way in order to approximate the
description of matter. Truncation after the leading term
is called single-pole approximation, truncation after the
second term is called pole-dipole approximation. In the
single-pole approximation, one assumes that the brane
has no thickness, which means that matter is localized
on a surface. All higher approximations, including pole-
dipole, allow for a nonzero thickness, and thus, for the
transverse internal motion.
The decomposition (1) is particularly useful for the de-
scription of brane-like objects in spacetimes of general ge-
ometry. In [13], the pole-dipole approximation has been
used to model the fundamental matter currents — stress-
energy tensor τµν , and spin tensor σ
λ
µν . The brane dy-
namics in Riemann-Cartan backgrounds is obtained from
the covariant conservation laws
(
Dν + T λνλ
)
τνµ = τ
ν
ρT ρµν + 1
2
σνρσRρσµν , (2a)
(
Dν + T λνλ
)
σνρσ = τρσ − τσρ. (2b)
Here, Dν is the covariant derivative with the nonsymmet-
ric connection Γλµν , which acts on a vector v
µ according
to the rule Dνv
µ ≡ ∂νvµ + Γµλνvλ. The torsion T λµν
and curvature Rµνρσ are defined in the standard way:
T λµν ≡ Γλνµ − Γλµν ,
Rµνρσ ≡ ∂ρΓµνσ− ∂σΓµνρ + ΓµλρΓλνσ− ΓµλσΓλνρ.
The covariant derivative Dν is assumed to satisfy the
metricity condition Dλgµν = 0. As a consequence, the
connection Γλµν is split into the Levi-Civita connection{
λ
µν
}
and the contorsion Kλµν :
Γλµν =
{
λ
µν
}
+Kλµν ,
Kλµν ≡ −1
2
(T λµν − Tνλµ + Tµνλ) .
The curvature tensor can then be rewritten in terms of
the Riemann curvature Rµνρσ ≡ Rµνρσ(Γ → {}), and
the Riemannian covariant derivative ∇µ ≡ Dµ(Γ → {}):
Rµνλρ = Rµνλρ + 2∇[λKµνρ] + 2Kµσ[λKσνρ].
Given the system of conservation equations (2), one
finds that the second one has no dynamical content. In-
deed, the antisymmetric part of the stress-energy tensor
is completely determined by the spin tensor. One can
3use (2b) to eliminate τ [µν] from (2a), and thus obtain
the conservation equations in which only τ (µν) and σλµν
appear. The resulting equation has the form
∇ν
(
θµν −K [µλρσρλν] − 1
2
Kλρ
[µσν]ρλ
)
=
=
1
2
σνρλ∇µKρλν ,
(3)
where θµν = θνµ stands for the generalized Belinfante
tensor:
θµν ≡ τ (µν) −∇ρσ(µν)ρ − 1
2
Kλρ
(µσν)ρλ. (4)
The independent variables θµν and σµνρ are in 1–1 corre-
spondence with the original variables. The conservation
law in the form (3) is the starting point for the derivation
of brane world-sheet equations.
In this paper, we are interested in infinitely thin
branes, and therefore, restrict our analysis to the single-
pole approximation. The multipole expansion of our ba-
sic variables then reads:
θµν =
∫
M
dp+1ξ
√−γBµν δ
(D)(x− z)√−g , (5a)
σλµν =
∫
M
dp+1ξ
√−γCλµν δ
(D)(x− z)√−g , (5b)
where Bµν(ξ) and Cλµν (ξ) are the corresponding mul-
tipole coefficients. The decomposition (5) is used as an
ansatz for solving the conservation equations (3). This
has already been done in [13], resulting in manifestly co-
variant p-brane world-sheet equations.
In the next section, the general result of [13] is applied
to the p = 2 case. In particular, the Nambu-Goto type of
membrane with totally antisymmetric spin tensor parallel
to the world-sheet is thoroughly examined.
III. MEMBRANE DYNAMICS
In this section, the stress-energy and spin tensor con-
servation equations (3) are solved in the single-pole ap-
proximation. The general brane world-sheet equations
and boundary conditions are applied to the membrane
case.
A. Preliminaries
The p-brane world-sheet equations in the single-pole
approximation are obtained in the following way. We
insert the ansatz (5) into the conservation equations (3),
and solve for the unknown variables zµ(ξ), Bµν(ξ) and
Cλµν(ξ). The algorithm for solving this type of equation
has been discussed in detail in [12, 13], and here we use
the ready-made result. According to [13], the single-pole
world-sheet equations are given by
P⊥
µ
ρP⊥
ν
σD
ρσ = 0, (6a)
∇a
(
mabuµb − 2uaρDµρ + uµb ubρuaσDρσ
)
=
=
1
2
Cνρσ∇µKρσν ,
(6b)
while the boundary conditions have the form
na
(
mabuµb − 2uaρDµρ + uµb ubρuaσDρσ
) ∣∣∣
∂M
= 0. (7)
Here, P⊥
µ
ν ≡ δµν − uµauaν is the orthogonal world-sheet
projector, na is the unit boundary normal, and∇a stands
for the total covariant derivative that acts on both types
of indices:
∇aV µb ≡ ∂aV µb +
{
µ
λρ
}
uρaV
λb +
{
b
ca
}
V µc.
The coefficients mab(ξ) and Cλµν(ξ) are the residual free
parameters of the theory. While mab represents the effec-
tive stress-energy tensor of the brane, the Cλµν currents
are related to its spin density. The shorthand notation
Dµν ≡ K [µλρCρλν] + 1
2
Kλρ
[µCν]ρλ
is introduced for convenience.
The world-sheet equations (6) and boundary condi-
tions (7) describe the dynamics of an infinitely thin p-
brane in D-dimensional spacetime with curvature and
torsion. We want to emphasize that the obtained dy-
namics has rather universal character. This is because
our derivation rests upon the mere existence of the con-
servation equations of the stress-energy and spin tensors.
These conservation equations are the direct consequence
of the diffeomorphism and local Lorentz symmetry of the
matter Lagrangian. As a consequence of the universal-
ity of these symmetries, the conservation equations hold
regardless of the details of the theory. This is the virtue
of our approach, as it is independent of the particular
action used. On the other hand, the conservation equa-
tions have the weakness of being incomplete, in the sense
that they carry much less information than the full set
of field equations. As a consequence, the derived p-brane
world-sheet equations contain free coefficients. The de-
tails of the initial theory are hidden in the form of these
coefficients.
By inspecting the form of the obtained world-sheet
equations, we realize that only branes made of spinning
matter can probe spacetime torsion. Moreover, if the
torsion is totally antisymmetric, only axial component of
the spin tensor Cλµν survives in the world-sheet equa-
tions. In this paper, we shall examine how axial spin
tensors couple to torsion. In particular, we are interested
in branes characterized by maximally symmetric distri-
bution of stress-energy and spin. It has already been
shown in [13] that this task can not be accomplished
4with strings. The reason for this is that the only candi-
date for the right type of spin-torsion coupling turns out
to be the projection of the axial Cλµν on the world-sheet,
and it identically vanishes if p = 1. In what follows, we
shall turn to membranes (p = 2), and demonstrate how
the choice of axial Cλµν parallel to the world-sheet solves
the problem.
B. World-sheet equations
Let us consider an infinitely thin membrane whose spin
tensor is totally antisymmetric and parallel to the world-
sheet. It is defined by the Cλµν coefficient of the form
Cλµν = seabcuλau
µ
b u
ν
c , (8)
where eabc is the covariant Levi-Civita symbol, and s is a
scalar which measures the spin magnitude. In addition,
we shall restrict the scalar s to be a constant, so that
our membrane has maximally symmetric distribution of
spin. Indeed, the constant s is the only variable in (8)
which carries the information about the nature of mat-
ter fields the membrane is made of. The rest of Cλµν
is given in pure geometric terms. At any given point of
the world-sheet, these terms can be gauged away by the
proper choice of the target space and world-sheet coordi-
nates. Precisely, we can achieve gµν = ηµν and u
µ
a = δ
µ
a ,
so that the non-vanishing components of Cλµν reduce to
Cabc = sǫabc. The Levi-Civita symbol ǫabc is a constant
tensor of the Lorentz group, which ensures local isotropy
of Cλµν . As the whole procedure can be repeated with a
different choice of the word-sheet point, the Cλµν is a ho-
mogeneous tensor, as well. This is exactly what ensures
maximal symmetry of the spin tensor.
It is immediately seen that this kind of spin tensor
does not exist in the string case. There, the world-sheet
is 2-dimensional, and the corresponding Levi-Civita ten-
sor is a second rank tensor. In the membrane case, the
world-sheet indices a, b, . . . take three values, exactly as
needed for the existence of the third rank Levi-Civita
tensor. As we have seen, this tensor is indispensable for
the construction of the maximally symmetric spin tensor.
Let us now see how the membrane spin tensor of the
form (8) influences the world-sheet equations (6). First,
we calculate the Dµν tensor, and find that it reduces to
Dµν =
3s
2
eabcu
c[µ
A
K
abν]. (9)
It depends on the axial part of the contorsion
A
K
µνρ ≡ 1
3
(Kµνρ +Kνρµ +Kρµν)
through its world-sheet projection
A
K abρ ≡ uaµubν
A
K µνρ.
The precession equations (6a) are identically satisfied,
and we are left with the world-sheet equations (6b) and
boundary conditions (7). Now, we calculate the right-
hand side of (6b), and find
Cνλρ∇µKνλρ = suνλρ
A
K
µνλρ +∇c
(
3seabc
A
K
abµ
)
, (10)
with
A
K
µνλρ ≡ ∇µ AKνλρ −∇ν
A
K
λρµ +∇λ AKρµν −∇ρ
A
K
µνλ,
and
uµνρ ≡ eabcuµauνbuρc .
With the help of (9) and (10), the world-sheet equations
are rewritten as
∇b
(
m¯abuµa
)
=
s
2
uνλρ
A
K
µνλρ, (11)
where m¯ab ≡ mab − s2γabKµνρuµνρ are the residual free
coefficients. Using the total antisymmetry of the
A
Kµνλρ
field in (11), the coefficients m¯ab are shown to be covari-
antly conserved,
∇bm¯ab = 0. (12)
This means that Nambu-Goto matter is allowed as the
constituent matter of our membrane. Indeed, by de-
manding
m¯ab = Tγab, (13)
where T is a constant commonly interpreted as the mem-
brane tension, the condition (12) is automatically satis-
fied. At the same time, this choice ensures maximally
symmetric distribution of the membrane stress-energy.
That it is indeed so can be seen by repeating the argu-
ments used for the demonstration of maximal symmetry
of the spin tensor.
Now we are left with only two constants, T and s, to
characterize our membrane. With this, the world-sheet
equations receive their final form
∇auaµ = s
2T
A
K
µνλρuνλρ. (14)
Following the same procedure, the boundary conditions
are rewritten as
nc
(
uµc +
3s
2T
eabc
A
K
abµ
) ∣∣∣
∂M
= 0. (15)
The world-sheet equations (14), and the boundary con-
ditions (15) govern the dynamics of a Nambu-Goto type
of membrane with axial spin tensor parallel to the world-
sheet. Such a membrane is characterized by two con-
stants, the tension T and the spin magnitude s, and rep-
resents a minimal extension of the Nambu-Goto case.
The equations (14) and (15) are shown to follow from
an action functional. Indeed, they are obtained by vary-
ing the action
I = T
∫
d3ξ
√
−h
[
gµν(x)u
µ
au
ν
bh
ab+
+
s
T
Kµνρ(x)u
µ
au
ν
bu
ρ
ce
abc − 1
] (16)
5with respect to the independent variables xµ(ξ) and
hab(ξ). We cannot help noticing the resemblance of this
action to the σ-model action of [22]. The latter de-
scribes an elementary membrane interacting with the 3-
form field Bµνρ. In fact, the two actions differ in one
instance only: the role of the 3-form field Bµνρ in [22]
is played by the contorsion field s
T
A
K µνρ in (16). Al-
though this matching may be just a coincidence, we find
it appropriate to draw the reader’s attention to it.
In the next section, we shall demonstrate how the effec-
tive string dynamics is obtained in the narrow membrane
limit. This way, the dimensionally reduced analogue of
the action functional (16) will be obtained.
IV. DIMENSIONAL REDUCTION
The results of the preceding section are obtained under
very general assumptions concerning the dimensionality
and topology of spacetime and world-sheet. In what fol-
lows, we shall use this freedom to apply these results to
a cylindrical membrane wrapped around the extra com-
pact dimension of a (D + 1)-dimensional spacetime. In
the limit of a narrow membrane, we expect to obtain the
effective string dynamics. In fact, this kind of double di-
mensional reduction has already been considered in [22].
There, the string effective action in 10 dimensions has
been obtained from the membrane action in 11 dimen-
sions. To complete our exposition, we shall describe a
similar D + 1→ D dimensional reduction.
Let us consider a (D + 1)-dimensional spacetime with
one small compact dimension. It is parametrized by the
coordinates XM (M = 0, 1, . . . , D), which we divide into
the “observable” coordinates xµ (µ = 0, 1, . . . , D − 1),
and the extra periodic coordinate y. In the limit of small
extra dimension, we use the Kaluca-Klein ansatz
∂yKMNL = 0, ∂yGMN = 0, Gyy = 1 (17)
to model the contorsion and metric. This ansatz violates
the (D+1)-dimensional diffeomorphisms, leaving us with
the coordinate transformations
xµ
′
= xµ
′
(x), y′ = y + ε(x).
In what follows, we shall use the decomposition
GMN =
(
gµν + aµaν aµ
aν 1
)
, (18)
as it yields the variables that transform as tensors with
respect to the residual D-diffeomorphisms. The same
kind of argument applies toKMNL. We shall use a totally
antisymmetric contorsion, and decompose it as
KMNL ≡
(
Kµνλ , K
µν
y
)
≡
(
Kµνλ + kµνaλ , kµν
)
.
(19)
The components Kµνλ and kµν are tensors with respect
to the residual diffeomorphisms. Now, we consider a
membrane wrapped around the extra compact dimension
y. Its world-sheet XM = ZM (ξA) is denoted byM3, and
is chosen in the form
xµ = zµ(ξa), y = ξ2, (20)
where the world-sheet coordinates ξA (A = 0, 1, 2) are
divided into ξa (a = 0, 1) and ξ2. This ansatz reduces
the reparametrizations ξA
′
= ξA
′
(ξB) to
ξa
′
= ξa
′
(ξb), ξ2
′
= ξ2 + ε(zµ(ξ)),
and the world-sheet tangent vectors UMA = ∂Z
M/∂ξA to
Uµa = u
µ
a , U
µ
2 = U
y
a = 0, U
y
2 = 1. (21)
One can verify that uµa ≡ ∂zµ/∂ξa transforms as a ten-
sor with respect to the residual spacetime and world-
sheet diffeomorphisms. The induced metric ΓAB ≡
GMNU
M
A U
N
B is shown to satisfy the condition ∂2ΓAB =
0. It is decomposed as
ΓAB =
(
γab + aaab aa
ab 1
)
, (22)
with γab ≡ gµνuµauνb , and aa ≡ aµuµa . In what follows, we
shall refer to xµ = zµ(ξa) as the string world-sheet, and
denote it by M2.
The membrane boundary ∂M3 is given by ξA =
ζA(λi), where λi (i = 0, 1) are the boundary coordinates.
In accordance with the ansatz (20), it is chosen in the
form
ξa = ζa(λ0), ξ2 = λ1. (23)
The boundary tangent vectors V Ai ≡ ∂ζA/∂λi and the
boundary normal NA ≡ eABCV B0 V C1 are thereby reduced
to va = ∂ζa/∂λ0 and na = eabv
b, respectively. In what
follows, we shall refer to ξa = ζa(λ0) as the string bound-
ary ∂M2.
The membrane world-sheet equations of section III are
now rewritten as
∇AUAM = s
2T
eABCU
A
NU
B
L U
C
RK
MNLR, (24)
with
KMNLR ≡ ∇MKNLR −∇NKLRM+
+∇LKRMN −∇RKMNL.
Using the Kaluca-Klein ansatz (17), (20), and the decom-
positions (18), (19), (21) and (22), one finds the follow-
ing. The M = y component of the world-sheet equations
(24) is identically satisfied. The M = µ components be-
come
∇auaµ = 3s
2T
eabu
a
νu
b
λk
µνλ, (25)
with
kµνλ ≡ ∇µkνλ +∇νkλµ +∇λkµν .
6Similarly, the M = y component of the boundary condi-
tions
NC
(
UMC +
3s
2T
eABCK
ABM
) ∣∣∣
∂M3
= 0 (26)
is identically satisfied, while M = µ components reduce
to
na
(
uµa +
3s
T
eabk
µb
) ∣∣∣
∂M2
= 0. (27)
The world-sheet equations (25) and boundary conditions
(27) are shown to follow from the action functional
I = T
∫
d2ξ
√
−h
[
gµν(x)h
ab +
3s
T
kµν(x)e
ab
]
uµau
ν
b .
(28)
Again, we notice a similarity between our action (28)
and the string sigma model action of [16–21]. The latter
describes an elementary string coupled to the string axion
Bµν . As in the membrane case, the two actions differ in
one instance only: the role of the string axion Bµν in
[16–21] is played by the extra dimensional components
of the contorsion 3s
T
kµν in (28). Whether this is just a
coincidence, or there is more content in this matching is
not the subject of our paper. Anyway, it is an interesting
observation which, we believe, deserves to be mentioned.
In summary, we have derived how uniform membranes
made of spinning matter behave in Riemann-Cartan
backgrounds. We have considered a minimal extension
of the Nambu-Goto membrane, characterized by two con-
stants only: the tension and spin magnitude. Such mem-
branes proved to be the simplest branes with a nontriv-
ial spin-torsion coupling. The effective string dynamics
is obtained from cylindrical membranes in the narrow
membrane limit. Both sets of equations are found to fol-
low from corresponding action functionals. By inspect-
ing their form we have discovered a similarity with string
theory sigma models.
V. CONCLUDING REMARKS
In this paper, we have analyzed the behaviour of clas-
sical membranes in Riemann-Cartan backgrounds. The
membrane constituent matter is specified in terms of its
stress-energy and spin tensors. In particular, the stress-
energy is assumed to be of the Nambu-Goto type, and
the spin tensor is chosen totally antisymmetric and par-
allel to the world-sheet. Such membranes have maximally
symmetric distribution of stress-energy and spin, and are
characterized by two constants only: the tension and spin
magnitude. The idea behind these considerations is the
search for the simplest brane with nontrivial spin-torsion
coupling.
The method we use is a generalization of the Math-
isson-Papapetrou method for pointlike matter [1, 2]. It
has already been used in [11–13] for the study of strings
and higher branes in Riemann-Cartan backgrounds. In
this work, the general results of [13] have been applied
to a membrane with maximally symmetric distribution
of stress-energy and spin. The effective string is seen as
a narrow membrane wrapped around the extra spatial
dimension.
Our exposition is summarized as follows. In section
II, we have reviewed the basics of the multipole formal-
ism developed in [11–13]. A manifestly covariant mul-
tipole expansion has been defined for an arbitrary ex-
ponentially decreasing function, and then applied to the
stress-energy and spin tensors of localized matter. The
dynamics is specified through the stress-energy and spin
tensor covariant conservation equations.
In section III, the conservation equations have been
solved for an arbitrary infinitely thin p-brane. The re-
sulting manifestly covariant world-sheet equations and
boundary conditions have then been applied to the p = 2
case. The motivation comes from the observation that
the needed world-sheet projection of the axial spin tensor
vanishes if p = 1. This kind of spin tensor proved to be
the basic ingredient for the construction of a membrane
with maximally symmetric distribution of spin. The ob-
tained membrane dynamics has been verified to follow
from an action functional. A resemblance with the σ-
model action of [22] has been noted.
In section IV, we have considered cylindrical mem-
branes wrapped around the extra compact dimension of
a (D + 1)-dimensional spacetime. The effective string
dynamics is obtained in the narrow membrane limit. It
turns out to resemble the string dynamics of [16–21]. Pre-
cisely, we have noticed that macroscopic strings couple
to torsion the same way as fundamental strings couple to
the string axion.
In summary, let us say something about the prospects
of our research. We are aware of the fact that consider-
able additional work can be done along the lines followed
in this paper. In fact, our world-sheet equations (6) and
boundary conditions (7) contain free parameters that can
be chosen in a variety of ways, each leading to a different
brane dynamics. The simple choice considered in this pa-
per (membranes with constant tension and spin density),
has been shown to lead to the familiar membrane dy-
namics, and after simple compactification, to the familiar
string dynamics. An interesting possibility is to consider
more general membranes, and more general compactifi-
cations. Hopefully, couplings to the electromagnetic and
scalar fields could be discovered in the dimensionally re-
duced theory. This is, however, a difficult task for itself,
and will be considered in a separate paper.
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